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Ultraﬁlter
Two non-discrete Hausdorff group topologies τ1, τ2 on a group G are called transversal
if the least upper bound τ1 ∨ τ2 of τ1 and τ2 is the discrete topology. We show that
a countable group G admitting non-discrete Hausdorff group topologies admits 2c pairwise
transversal complete group topologies on G (so 2c maximal group topologies). Moreover,
every abelian group G admits 22
|G|
pairwise transversal complete group topologies.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
All topologies under consideration are supposed to be Hausdorff. Answering a question of Markov [6], Shelah [9]
constructed, under the assumption of CH, an uncountable group that does not admit a non-discrete group topology. Ol’shan-
skij [7] found a countable group with the same property. On the other hand, an inﬁnite abelian group G admits always the
maximum number of group topologies, namely 22
|G|
[3].
Call a non-discrete group topology τ on a group G maximal (minimal) if τ is not contained in (does not contain) any other
non-discrete group topology on G . Independently on their apparently “symmetric” deﬁnition, the maximal and the minimal
topologies (co-atoms and atoms in the poset of all group topologies on a given group) have rather different behavior.
Indeed, Prodanov showed that even some very simple groups (e.g., the additive group of the rationals [4]) need not admit
minimal topologies at all. Here we show that in the case of an abelian or countable group G admitting non-discrete group
topologies, the maximal group topologies on G exist in the maximum number 22
|G|
possible. This answers a question from
(a preliminary version of) [5]. To this end we use the notion of transversal group topologies. Two non-discrete Hausdorff
group topologies τ1, τ2 on a group G are called transversal if the least upper bound τ1 ∨ τ2 of τ1 and τ2 is the discrete
topology [5] (see also [10], where the term complemented is coined for this notion). Obviously, two distinct maximal group
topologies are transversal, while any pair τ1, τ2 of transversal group topologies gives rise to a pair of distinct maximal group
topologies. Therefore, the number of all maximal topologies on a group G coincides with the maximum size of a family of
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topologies on G .
Theorem 1.1. If a countable group G admits a non-discrete group topology then there exist 2c pairwise transversal complete group
topologies on G.
For abelian groups we can remove the restraint on cardinality:
Theorem 1.2. For every inﬁnite abelian group G, there exist 22
|G|
pairwise transversal complete group topologies on G.
Finally, one can extend Theorem 1.1 to the case of ring topologies as follows. Let R be a ring and let τ1, τ2 be two ring
topologies on R . We say that τ1, τ2 are transversal if they are transversal as group topologies, i.e., there exist neighborhoods
U1, U2 of zero in τ1, τ2, respectively, such that U1 ∩ U2 = {0}.
Theorem 1.3. For every countable ring R, there exist 2c pairwise transversal complete ring topologies on R.
2. Proofs
Proof of Theorem 1.1. A sequence (an)n∈ω of elements of G is said to be a T -sequence if there exists a group topology on G
in which (an)n∈ω converges to the identity e of G . For every T -sequence (an)n∈ω , there is the strongest group topology τ
on G in which (an)n∈ω converges to e. We say that τ is determined by (an)n∈ω , and denote by (G|(an)n∈ω) the group G
endowed with τ .
By [8, Theorem 4.1.6], for every T -sequence (an)n∈ω , the topological group (G|(an)n∈ω) is complete.
Suppose that we have constructed a T -sequence (an)n∈ω on G such that, for every partition ω = W1 ∪ W2 with inﬁnite
subsets W1, W2, the topologies on G determined by (an)n∈W1 and (an)n∈W2 are transversal. Then, for every free ultraﬁlter ϕ
on ω, we denote by τϕ the supremum of the group topologies determined by the sequences {(an)n∈F : F ∈ ϕ}. Clearly,
τϕ is complete as supremum of complete topologies. If ϕ , ψ are distinct free ultraﬁlters on ω, then there exists a partition
ω = Φ ∪Ψ such that Φ ∈ ϕ , Ψ ∈ ψ , so τϕ and τψ are transversal. Since the set of all free ultraﬁlters on ω is of cardinality 2c
we get the desired family of group topologies on G .
To construct the sequence (an)n∈ω we need to ﬁx some notations. Let G = {gn: n ∈ ω} be an enumeration of the count-
able group G , and let {xn: n ∈ ω} be a set of variables. Given an arbitrary n ∈ ω, we deﬁne the following families of group
words
U0,n(x0, . . . , xn) =
{
e, xg00 , x
g0
1 , . . . , x
g0
n ; xg11 , xg12 , . . . , xg1n ; . . . ; xgnn
}±1
,
U1,n(x0, . . . , xn) =
{
e, xg01 , x
g0
2 , . . . , x
g0
n ; xg12 , xg13 , . . . , xg1n ; . . . ; xgn−1n
}±1
,
. . .
Un,n(x0, . . . , xn) =
{
e, xg0n
}±1
, where xg = g−1xg.
In other words, Ui,n(x0, . . . , xn) = {e} ∪ {xgkj : i  j  n, 0  k  j − i}±1 for 0  i  n. So Ui,n(x0, . . . , xn−1, e) =
Ui,n−1(x0, . . . , xn−1).
Then we put
Un(x0, . . . , xn) =
⋃
π∈Sn+1
Uπ(0),n(x0, . . . , xn) · · · · · Uπ(n),n(x0, . . . , xn),
where Sn+1 is the set of all permutations of the set {0, . . . ,n}. Hence
Un(x0, . . . , xn−1, e) = Un−1(x0, . . . , xn−1). (1)
Finally, let
U (x0, . . . , xn, . . .) =
⋃
n∈ω
Un(x0, . . . , xn).
Let (dn)n∈ω be an arbitrary T -sequence on G . By [8, Lemma 3.1.5], U (d0, . . . ,dn, . . .) is a neighborhood of e in the
topological group (G|(dn)n∈ω).
By hypothesis, the group G admits a non-discrete group topology τ0, so by a theorem of Arhangel’skiı˘ [1] G admits also
a group topology τ  τ0 (hence non-discrete) with a countable base {Vn: n ∈ ω} of neighborhoods of e. We put a0 = e and
assume that we have already chosen the distinct elements a0,a1, . . . ,an of G so that a0 ∈ V0,a1 ∈ V1, . . . ,an ∈ Vn and, for
any partition {0, . . . ,n} = N1 ∪ N2 with non-empty subsets N1, N2,
Un(b0, . . . ,bn) ∩ Un(c0, . . . , cn) = {e}, (2)
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bi =
{
ai, if i ∈ N1,
e, if i ∈ N2, ci =
{
ai, if i ∈ N2,
e, if i ∈ N1.
To make the inductive step from n to n + 1 we have to choose an+1 ∈ Vn+1, an+1 /∈ {a0, . . . ,an} and so that the counterpart
of (2) for n + 1 holds. More precisely, for any partition
{0, . . . ,n,n + 1} = N1 ∪ N2 (3)
with non-empty subsets N1, N2 we must arrange to have
Un+1(b0, . . . ,bn,bn+1) ∩ Un(c0, . . . , cn, cn+1) = {e}, (4)
where
bi =
{
ai, if i ∈ N1,
e, if i ∈ N2, ci =
{
ai, if i ∈ N2,
e, if i ∈ N1.
For convenience we can assume without loss of generality that an+1 ∈ N1 in the partition N1 ∪ N2 in (3), so that
bn+1 = an+1 and cn+1 = e. Note that (3) is fulﬁlled for an+1 = e, in virtue of (2) since Un+1(b0, . . . ,bn, e) = Un(b0, . . . ,bn)
and Un+1(c0, . . . , cn, e) = Un(c0, . . . , cn) by (1). Hence the set
W = {x ∈ G: Un+1(b0, . . . ,bn, x) ∩ Un(c0, . . . , cn) = {e} for all partitions (3)}
contains e. At this point it suﬃces to prove that W is open. Then W ∩ Vn+1 is still a neighborhood of e, so one can ﬁnd
an+1 ∈ W ∩ Vn+1 with an+1 /∈ {a0, . . . ,an}.
To prove that W is open, for every π ∈ Sn+2 and every partition (3) denote by Wπ,b0,...,bn the ﬁnite set of group words
w(x) contained in Uπ(0),n+1(b0, . . . ,bn, x) · · · · · Uπ(n),n+1(b0, . . . ,bn, x). Then (4) is equivalent to w(x) /∈ Un(c0, . . . , cn) for
every w(x) ∈ Wπ,b0,...,bn and for all π ∈ Sn+2. The map G → G deﬁned by x → w(x) is continuous and the set Un(c0, . . . , cn)
is ﬁnite (so closed) in G . Hence
Wπ,N1,N2 =
⋂
w∈Wπ,b0,...,bn
{
x ∈ G: w(x) /∈ Un(c0, . . . , cn)
}
is an open set for every π ∈ Sn+1 as a ﬁnite intersection of open sets. To conclude, it suﬃces to note that
W =
⋂{
Wπ,N1,N2 : π ∈ Sn+2, N1 ∪ N2 = {0, . . . ,n,n + 1}, N1 ∩ N2 = ∅, N1 
= ∅, N2 
= ∅
}
.
After ω steps we get the sequence (an)n∈ω . Since an ∈ Vn for every n ∈ ω, (an)n∈ω is a T -sequence. Let ω = W1 ∪ W2 be
a partition with inﬁnite subsets W1, W2. By the construction of (an)n∈ω , we have
U (b0, . . . ,bn, . . .) ∩ U (c0, . . . , cn, . . .) = {e},
where
bi =
{
ai, if i ∈ W1,
e, if i ∈ W2, ci =
{
ai, if i ∈ W2,
e, if i ∈ W1.
It follows that the topologies of G determined by the T -sequences (an)n∈W1 and (an)n∈W2 are transversal. 
Proof of Theorem 1.2. If G is countable, we apply Theorem 1. Assume that G is uncountable and |G| = γ . Then G has
a subgroup H isomorphic to a direct sum
⊕
α<γ Cγ , where each Cγ is a non-zero cyclic group of ﬁnite or inﬁnite order.
Since G is abelian, it suﬃces to construct the corresponding family of topologies on H and then extend them on G so that H
is an open subgroup in each of the extended group topologies. Therefore, we assume in the sequel that G =⊕α<γ Cγ . For
every α < γ , we denote by prα the natural projection G → Cα .
Every free ultraﬁlter ϕ on γ deﬁnes a topology τϕ on G with a base {WB : B ∈ ϕ} of neighborhoods of zero, where
WB =⊕α∈ B Cα . Clearly, τϕ is a group topology and, for any two distinct free ultraﬁlters ϕ , ψ on γ , the topologies τϕ , τψ
are transversal. Since there are 22
γ
free ultraﬁlters on γ , it remains only to prove that each topology τϕ is complete. To this
end ﬁx a Cauchy net (xλ)λ∈I in (G, τϕ). Since for every α the subgroup Cα is τϕ-discrete, the net (prα(xλ)) in Cα stabilizes,
i.e., there exists λα ∈ I and zα ∈ Cα such that prα(xλ) = zα for all λ > λα . Put Γ = {α < γ : zα 
= 0}. We prove ﬁrst that Γ
is ﬁnite. Assume for a contradiction that Γ is inﬁnite. Then there exists an inﬁnite subset Λ ⊂ Γ such that F = γ \ Λ ∈ ϕ .
(Indeed, since ϕ is an ultraﬁlter, either Γ ∈ ϕ , or γ \ Γ ∈ ϕ . In the latter case any inﬁnite Λ ⊂ Γ will do. In the former
case consider any partition Γ = Γ ′ ∪Γ ′′ into inﬁnite subsets. Then one of them, say Γ ′ , belongs to ϕ . Now Λ = Γ ′′ works.)
As (xλ) is a Cauchy net, there exists λF ∈ I so that xλ − xμ ∈ WF for all λ,μ  λF in I . In particular, for all α ∈ Λ one
has prα(x
λ) = prα(xμ). This means that for each α ∈ Λ the net prα(xλ) stabilizes. Then for any α ∈ Λ and λ λF the value
prα(x
λ) must coincide with zα 
= 0 (pick β  λα and β  λF and observe that prα(xλ) = prβ(xλ) = zα ). This proves that Λ
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each λ λF . This proves that Γ is ﬁnite and consequently z = (zα) ∈ G .
It is easy to prove, along the line of the above argument, that xλ converges to z in τϕ . 
Sketch of proof of Theorem 1.3. A sequence (an)n∈ω of elements of R is said to be a T -sequence if there exists a ring
topology on R in which (an)n∈ω converges to zero. For every T -sequence (an)n∈ω , there is the strongest ring topology τ on G
in which (an)n∈ω converges to zero. We say that τ is determined by (an)n∈ω , and denote by (R|(an)n∈ω) the ring R endowed
with τ . For every T -sequence (an)n∈ω , (R|(an)n∈ω) is complete [8, Exercise 3.4.6]. Suppose that we have constructed a
T -sequence (an)n∈ω in R such that, for every partition ω = W1 ∪ W2, the topologies on R determined by (an)n∈W1 and
(an)n∈W2 are transversal. Repeating the argument from the proof of Theorem 1.1, we get the desired family of topologies.
To construct the sequence (an)n∈ω , we use Arnautov’s theorem [2], [8, Theorem 3.4.8] stating that every countable ring
admits a non-discrete ring topology, so there exists a ring topology on R with countable base {Vn: n ∈ ω} of neighborhoods
of zero. Then we use Lemma 3.3.5 from [8] (describing the neighborhoods of zero in a ring topology determined by a
T -sequence) instead of [8, Lemma 3.1.5], to choose a sequence (an)n∈ω , An ∈ Vn with the desired property. 
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